By using the Nikiforov-Uvarov (NU) method and a new approximation scheme to the centrifugal term, we obtained the solutions of the radial Schrödinger equation (SE) for the modified RosenMorse (mRM) potential. In this paper, we get the approximate energy eigenvalues and show that the results are in good agreement with those obtained before. Eigenfunctions are also presented for completeness.
Introduction
In many fields of physics and chemistry, explicit analytical solutions of the fundamental dynamical equations are much valuable for a general understanding of phenomena, e. g. the role played by physical parameters. Two typical examples in quantum mechanics are the exact solutions of the Schrödinger equation (SE) for a hydrogen atom (Coulombic) and for a harmonic oscillator [1 -3] . The Mie-type and pseudoharmonic potentials are also two exactly solvable potentials [4, 5] . Further, there are many potentials that are exactly solvable for zero angular momentum (i. e. l = 0). However, their analytic exact solutions can not be obtained for l = 0, and many authors have used various approximation schemes to solve these problems [6 -23] .
The modified Rosen-Morse potential (also called Scarf II type) [24, 25] is an exponential and anharmonic potential defined by V mRM (r) = V 1 −V 2 sinh(αr) cosh 2 (αr) = V 1 sech 2 (αr) −V 2 sech(αr) tanh(αr) ,
where r ∈ (0, ∞); V 1 and V 2 determine the depth of the potential, and 1/α denotes the range of the potential well. On the other hand, the Rosen-Morse (RM) potential has the form V RM (r) = V 1 sech 2 (αr) − V 2 tanh(αr) and is useful for describing interatomic interaction of linear molecules and helpful for discussing polyatomic vibration energies such as the vibration states of a NH 3 molecule [26, 27] . Additionally, for the avoidance of doubt, we note that the form of the second Pöschl-Teller potential is V (r) = V 1 − V 2 cosh(αr)(sinh 2 (αr)) −1 [28] . By taking a proper approximation to the centrifugal term, Qiang and Dong presented arbitrary l-state solutions of the Schrödinger equation with Scarf II potential [29] . Gu et al. calculated the energy spectrum of the Schrödinger equation with the modified RosenMorse potential by exact quantization rule [30] . Motavalli and Akbarieh presented the exact solutions of the one-dimensional Klein-Gordon equation for the Scarf-type potential with equal scalar and vector potentials using the Nikiforov-Uvarov (NU) method [31] . By applying a Pekeris-type approximation to the centrifugal term, Chen and Wei studied the spin symmetry of a Dirac nucleon subjected to scalar and vector mRM potentials [32] . Also, Wei and Dong examined the pseudospin symmetry case subjected to the mRM potential [33, 34] . Very recently, Qiang et al. presented the real exact solutions to a relativistic spinless particle with modified Rosen-Morse potential and also for its parity-time (PT) symmetry [35] .
The aim of this work is to obtain the approximate bound state energy eigenvalue equation and the corresponding unnormalized wave function of the mRM potential using the new approximation scheme to the centrifugal term [29, 32, 33] and also the concepts of the NU method [36 -41] .
The structure of the paper is as follows: in Section 2, the NU method is briefly introduced. In Section 3, we solve the SE and give energy spectra and corresponding wave functions. Some numerical results are given in this section too. Finally, the relevant conclusions are given in Section 4.
Nikiforov-Uvarov Method
The NU method can be used to solve second-order differential equations with an appropriate coordinate transformation s = s(r) [36] :
where σ (s) andσ (s) are polynomials, at most of second degree, andτ(s) is a first-degree polynomial. A solution of (2) is found by a separation of variables, using the transformation ψ n (s) = φ (s)y n (s). It reduces to an equation of the hypergeometric type,
y n (s) is the hypergeometric-type function whose polynomials solutions are given by the Rodrigues relation
where B n is the normalization constant and the weight function ρ(s) must satisfy the condition
φ (s) is defined from its logarithmic derivative relation:
The function π(s) and the parameter λ , required for this method, are defined as
In order to find the value of k, the expression under the square root must be a square of a polynomial. Thus, a new eigenvalue equation is
where
and its derivative must be negative [37 -41] .
Solution of Radial Schrödinger Equation with the modified Rosen-Morse Potential
To study any quantum physical system characterized by the empirical potential given in (1), we solve the original SE which is given in well-known textbooks [1, 2] :
where the potential V (r) is taken as mRM potential form in (1), µ is the reduced mass, and ∇ 2 is the Laplacian operator. Using the Laplacian operator in spherical coordinates and decomposing the wave function as
, we obtain the following radial SE in natural unitsh = µ = 1:
Because of the centrifugal term, (11) cannot be solved analytically for l = 0. Therefore, we attempt to use an approximation scheme to deal with the centrifugal term. To do this, we use a transformation z = sinh(αr) so that the above equation reduces to
Using the definition of
= 0, we obtain the minimum of the mRM potential at
and
. Now, we expand the centrifugal potential around z = z 0 as
Further, the following form of the potential can be used instead of the centrifugal potential in the approximation:Ṽ l (r) = l(l + 1)
By expanding the right hand side of (16) up to the terms z 2 , then, the resulting equation after a little algebra is compared with (15) . The relations between the coefficients and parameters z 0 are obtained as follows:
It must be noted that the approximate scheme 1/r 2 ≈ α 2 e −αr /(1 − e −αr ) 2 used previously for a few potentials [42, 43] is unsuitable for the mRM potential and makes the present quantum system unsolvable. Now, we can take the potentialṼ l (16) instead of the centrifugal potential (15) [29] . Hence, by introducing the new variable s = iz, (12) reduces to
By comparing (18) and (2), we define the following associated polynomials:
Using (7a), π(s) is found as
. (22b) Table 1 . Ro-vibrational spectra (in atomic units) of mRM potential.
Ref. [44] NU Ref. [29] Ref. [44] After finding these four values, we choose a set of them which gives a τ(s) function (see (9)) with negative derivative. The set of functions is
From (7b), (8) , and the equations above, we obtain
where n is a non-negative integer. By equating right hand side in (24a) and (24b), we get
Finally, recalling (19) and (22), the energy equation can be obtained as
which is consistent with [29] . In Table 1 , we present the ro-vibrational spectra for mRM potential, with two sets of values for V 1 , V 2 , and various values of α. As one can see from the table, the approximate results differ very little from the analytical and numerical ones obtained by [29] and [44] , respectively. To find eigenfunctions, we first determine the weight function from (5) as
where µ = √ A + − B + and η = − √ A + + B + . Substituting (27) into (4) 
where B n is the normalization constant and P (µ,η) n (s) is the Jacobi polynomial. Using (6), we find the other part of the wave function as φ (s) = (1 + s) 
where N nl is the normalization constant. Note that the substitution of s = iz = i sinh(αr) makes the radial part of the Schrödinger equation with the mRM potential to include the imaginary part [45] .
Conclusion
In this paper, we have obtained the bound state solutions of the Schrödinger equation for the modified Rosen-Morse potential in the framework of the Nikiforov-Uvarov method. We have also shown that the energy eigenvalues and corresponding eigenfunctions are in high agreement with those obtained by other analytical and numerical methods.
